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INTRODUCTION 

1.1 Descr ip t ion  of t h e  Problem 

The s i t u a t i o n  f r equen t ly  t o  b e  m e t  i n  appl ied  s t a t i s t i c s  is  as 

follows: 

s i f i c a t i o n  and descr ibed by a l i n e a r  func t ion  of e f f e c t s  of va r ious  

w e  have a set of d a t a  arranged i n  p a r t i c u l a r  type  of clas- 

classes and subclasses .  General ly  t h i s  model i s  t h a t  which Eisenhar t  

[ 4 ]  has  c a l l e d  Model 11, i n  which a l l  elements except p are regarded 

as random v a r i a b l e s ,  a l though i t  may f r equen t ly  be  c a l l e d  t h e  Mixed 

Model, i n  which c e r t a i n  of t h e  e f f e c t s  are regarded as f ixed  r a t h e r  

than random v a r i a b l e s .  

Mathematically, however, bo th  Model I1 and the  Mixed Model can 

be  descr ibed  by t h e  genera l  model 

Y = X a + U b  +...I- U b  + e ,  (1 * 1) 1 1  c c  

where 

Y is an 

X i s  an 

U .  is an 

a is an 

1 

b.  is an  

e is  an 

1 

n x l  observa t ion  v e c t o r ;  

nxk mat r ix  of known f ixed  numbers; 

nxm. mat r ix  of known f ixed  numbers; 

k x l  vec to r  of unknown cons tan t s ;  

m.xl vec to r  of independent v a r i a b l e s  from N ( o ,  oi2) ; 

n x l  v e c t o r  of independent v a r i a b l e s  from N(o, CI ) e 

1 

1 
2 

The c i t a t i o n  on t h e  fo l lowing  pages fol lbw t h e  s t y l e  of t h e  
Jou rna l  of t h e  American S ta t i s t ica l  Associat ion.  
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2 2 2 The unknown cons tan ts  G~ (5 and (5 a r e  c a l l e d  t h e  compo- 
C 

nents  of var iance.  Poin t  estimates of var iance  components are now 

used i n  many f i e l d s  of research.  They s e e m  t o  be more appropr ia te  

than i n t e r v a l  estimates f o r  many of t h e  examples m e t  i n  p r a c t i c e .  

However, a confidence i n t e r v a l  is  use fu l  f o r  assess ing  t h e  accuracy 

o f  an estimate. 

t r u s t  can b e  placed i n  a po in t  estimate; i f  i t  is  narrow, then t h e  

estimate can reasonably be  regarded a s  t rustworthy.  Estimates do 

e x i s t  f o r  t h e  var iances  of t h e  var iance  component es t imates ,  bu t  

t hese  being e s t ima tes ,  are less r e l i a b l e  than confidence i n t e r v a l s  

f o r  a s ses s ing  t h e  accuracy of t h e  var iance  component es t imates .  

Also ,  they are less informative,  s i n c e  t h e  usua l  type of var iance  

component estimate has  a complicated d i s t r i b u t i o n ,  involving a nui- 

sance parameter. 

I f  t h e  confidence i n t e r v a l  i s  wide, then l i t t l e  

Most of t h e  published papers on es t imat ing  confidence i n t e r v a l s  

- for  the-components of var iance-and r a t i o  of var iances-are  concerned 

wi th  t h e  so-cal led balanced complete models, such as those with equal  

f requencies  i n  t h e  cells o r  subc lasses  of t h e  one-way c l a s s i f i c a t i o n ,  

nes ted  c l a s s i f i c a t i o n  and wi th  f a c t o r i a l  c l a s s i f i c a t i o n s .  

t h e  sums-of squares  of t h e  a n a l y s i s  of var iance  is used t o  cons t ruc t  

Usually 

- ____ the-confidence i n t e r v a l s  

unbalanced models; s i n c e  t h e  ana lys i s  of var iance  sums of squares  i n  

t h i s  case  are n o t ,  except f o r  t h e  e r r o r  var iance ,  d i s t r i b u t e d  l i k e  a 

chi-square random va r i ab le .  

- -These -procedures -are -no t  app l i cab le  t o  

I n  many ins t ances ,  however, i t  is necessary t o  analyze d a t a  
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which are descr ibed  by an unbalanced model. 

q u i t e  common i n  appl ied  s ta t is t ics ,  i t  has  received somewhat less 

a t t e n t i o n  than t h e  balanced cases. This  is due t o  the f a c t  t h a t  t h e  

d i s t r i b u t i o n  of t h e  ord inary  sums of squares  of  t h e  a n a l y s i s  of 

va r i ance  i s ,  i n  genera l ,  complex. 

ment of a complete theory f o r  t h e  confidence reg ion  e s t ima t ion  of  

Although such d a t a  are 

This  f a c t  hindered t h e  develop- 

va r i ance  components ( o r  va r i ance  r a t i o s ) .  Among t h e  few papers 'on 

t h i s  s u b j e c t  is a paper by  Har t l ey  and Rao [lo]. In t h i s  paper there 

is an  o u t l i n e  o f  a procedure t o  d e r i v e  a confidence reg ion  f o r  t h e  

r a t i o s  of var iances .  Their procedure i s  as follows: 

It is obvious t h a t  the v e c t o r  of observa t ions ,  Y, fol lows a 

m u l t i v a r i a t e  normal d i s t r i b u t i o n  w i t h  covariance matrix 

2 2 
Q H = Q [I + y u u ' + e.. 4- yc UcUc'1,  1 1 1  

where 

2 2  
= Q  / Q e  'i i (1 .3)  

The adjoined matrix 

is  assumed t o  have as a base  an nxr matrix W of the form 

where U* has  a t  leas one column from each U a 

L e t  u s  w r i t e  t h e  model (1.1) i n  the form 

i 

P = xc4 4- U*B + z, 

where 

B is a dummy n u l l  vec to r ;  

Z = U b  + . . . - E  U b  + e ,  11 c c  
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We now o b t a i n  t h e  least squares estimates of ct and 13 

* 
Tine covariance ma t r ix  of 8 and 6, C(y)., can b e  p a r t i t i o n e d  i n t o  k and 

r-k secpions  as follows: -_ 

Define 

Then t h e  func t ion  

(1.9) 

(1.10) 

(1.11) 

(1.12) 

depends on t h e  v e c t o r  Y and t h e  y's.  It is well known t h a t  t h e  s a m -  

p l i n g  d i s t r i b u t i o n  of t h e  func t ion  (1.12) is  an F d i s t r i b u t i o n .  Thus 

t h e  i n e q u a l i t y  

Z(y) F(a; r-k, n-r) (1-13) 

d e f i n e s  an exac t  confidence r eg ion  f o r  y 

denotes t h e  lOOcr% of F f o r  r-k and n-r degrees of freedom. 

y i f  F(a; r-k, n-r) 1 3  C 
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1.2 Review of L i t e r a t u r e .  

We have noted earlier t h a t  most of t h e  publ ished papers  on esti- 

mating confidence i n t e r v a l s  f o r  t h e  y's are concerned wi th  t h e  ba l -  

anced complete models. F i r s t  w e  w i l l .  review t h e  methods a v a i l a b l e  t o  

cons t ruc t  confidence i n t e r v a l s  f o r  t h e  y 's  i n  t h e  balanced model, 

then w e  w i l l  d i s c u s s  Wald's method f o r  cons t ruc t ing  confidence 

i n t e r v a l s  f o r  t h e  y's. 

Scheffe' [16] discussed  t h e  one-way c l a s s i f i c a t i o n  and showed 

t h a t  a confidence i n t e r v a l  f o r  y, can be based on the  c l a s s i c a l  F- 

r a t i o .  This procedure i s  

[5].  G r a y b i l l  [7]  showed 

test  i s  based a l s o  on t h e  

I 

discussed  i n  d e t a i l  by Eisenhar t  -- e t  a l .  

how t o  test t h e  hypothekis  al = 0, This  

classical F- ra t io ;  thus when t r a n s l a t e d  t o  

2 

a confidence i n t e r v a l  on y i t  becomes i d e n t i c a l .  t o  t h a t  which 1 
Scheffe '  [ 161 d iscussed .  

k more g e n e r a l  problem w a s  considered by Scheffe' [ISlJ. 

2 
be  two independent random variates such t h a t  niSi/ui 2 

L e t  SI 

( i  = 1, and S 

2) i s  a c e n t r a l  chi-square random variate w i t h  n degrees of freedom. i 
The func t ion  S1/6S2, where 6 = o1 2 2  /a2 91 is  used t o  set confidence 

l i m i t s  on 6. I f  S i s  t h e  Between Mean Squares and S is t h e  Within 

Mean Squares i n  t h e  one-way c l a s s i f i c a t i o n ,  8 is  equal t o  1 + y I n  

g e n e r a l  6 is  a r a t i o  of two nonhomogenous l inear  func t ions  of 

YIP Y c o  He  showed t h a t  t h e  loga r i thmica l ly  s h o r t e s t  confidence 

i n t e r v a l  f o r  0 e x i s t s  and i s  unique al though i t  is  d i f f i c u l t  t o  

1 2 

1" 

c a l c u l a t e  i f  n and n are d i f f e r e n t ,  1 2 



L e t  us  now suppose t h a t  S S are independent random vari- l9 k 
2 a b l e s  such t h a t  niSi/ai (i = 1, o o o ,  k)  is  a c e n t r a l  chi-square 

random variate wi th  n degrees  of freedom. A simultaneous confidence i 

(i = 1, e.e,) k-1) based on t h e  p r o b a b i l i t y  . 2  2 s ta tement  on y = ai /ak 

= Si/6Ska w a s  der ived  by Gnanadesikan [6]. When SI, ..., S are Fi k 

k mean squares  of t h e  a n a l y s i s  of va r i ance  of  t h e  balanced model, 

such a p r o b a b i l i t y  s ta tement  is known as "simultaneous a n a l y s i s  of 

variance".  

r e q u i r e s  ted ious  numerical  i n t e g r a t i o n .  

Computation of  t h e  numbers F and Fi2(i = 1, ..', k-1) 
i1. . I 

Broemeling [1] der ived  a 

by choosing F and 

W e  n o t e  

and 

The same approach w a s  followed by Krishnaiah [13] t o  cons t ruc t  

'k-1 il conserva t ive  confidence r eg ion  f o r  el, '.., 
t o  s a t i s f y  Pr[Fil 5 Fi I Fi2] = l-ai and 1-a = T[(l-ai). F i2  

i n  pass ing  t h a t  nothing is  known about t h e  opt imal  choice of F 

Fi 2 

a simultaneous confidence r eg ion  f o r  t h e  r a t i o s  CT 

il 

e 

2 2  /oiil (i = 1, e . e g  

k-1) I) 

Using a randomization device,  exact confidence l i m i t s  were con- 

s t r u c t e d  by Heal ly  [ll]. The r e s u l t i n g  confidence l i m i t s  depend on 

t h e  sums o f . s q u a r e s  of t h e  a n a l y s i s  of va r i ance  t a b l e  and on auxilia- 

r y  observa t ions  on a random v a r i a b l e  wi th  known normal d i s t r i b u t i o n .  

A consequence i s  that two s t a t i s t i c i a n s  confronted wi th  t h e  same 

a n a l y s i s  of  va r i ance  table.wi.11 i n  gene ra l  cons t ruc t  d i f f e r e n t  con- 

f idence  l i m i t s .  

Green [9] presented  an approximate confidence i n t e r v a l  f o r  t h e  

expected va lue  of t h e  d i f f e r e n c e  between two q u a n t i t i e s  which are 



independent ly  d i s t r i b u t e d  p ropor t iona l ly  t o  chi-square. However, t h e  

s o l u t i o n  i s  not  presented i n  a form s u i t a b l e  f o r  immediate p r a c t i c a l  

a p p l i c a t i o n .  Bross [2] gave a s o l u t i o n  t o  t h i s  problem t h a t  can b e  

e a s i l y  computed, b u t  Tukey [19] pointed ou t  t h a t  t h e  s o l u t i o n  w a s  

wrong and proposed another  s o l u t i o n .  Huitson [12] has  developed a 

procedure f o r  the genera l  problem of f ind ing  confidence l i m i t s  f o r  a 

l inear combination of varSances e Huitson w a s  mainly concerned wi th  

t h e  problem of e s t ima t ing  t h e  t o t a l  v a r i a b i l i t y  ( t h a t  i s ,  t h e  sum of 

two o r  more va r i ances ) .  Bulmer [3]  i n d i c a t e d  t h a t  Huitson 's  expan- 

s i o n  i s  n o t  s a t i s f a c t o r y  i n  t h e  case  of t h e  d i f f e r e n c e  between two 

va r i ances  and developed an approximate s o l u t i o n  f o r  t h i s  case. 

Bulmer's s o l u t i o n  i s  d iscussed  i n  d e t a i l  by Scheff4 [16]. H e  point-  

ed o u t  t h a t  t h e s e  confidence l i m i t s  can be  s e r i o u s l y  inva l ida t ed  by 

non-normality. Approximate confidence i n t e r v a l s  f o r  va r i ance  r a t i o s  

spec i fy ing  g e n e t i c  h e r i t a b i l i t y  have been given by G r a y b i l l  e t  a l e  

681. 

ed model. 

This method is  app l i cab le  t o  d a t a  s p e c i f i e d  by a balanced nes t -  

The h e r i t a b i l i t y  f i r s t  is es t imated  by a r a t i o  of a l i n e a r  

combination of chi-square variates t o  a chi-square variate; then i t s  

d i s t r i b u t i o n  i s  approximated by an F d i s t r i b u t i o n .  A p r o b a b i l i t y  

s ta tement  i s  der ived  based on t h i s  d i s t r i b u t i o n .  

A l l  exac t  and approximate procedures which w e  have d iscussed  

previous ly  are v a l i d  only when t h e  sums of squares  of t h e  a n a l y s i s  

of va r i ance  are d i s t r i b u t e d  p ropor t iona l ly  t o  chi-square v a r i a t e s .  

For unbalanced d a t a  t h e  sums of squares  i f  formed by analogy t o  t h e  

balanced case  do no t  s a t i s f y  t h i s  condi t ion ;  consequently, t h e  
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preceding procedures are n o t  appropr ia te .  I n  a series of papers Wald 

proposed a procedure f o r  cons t ruc t ing  a confidence reg ion  f o r  t he  

r a t i o s  of var iances  that is app l i cab le  t o  any balanced o r  unbalanced 

da ta .  H i s  f i r s t  paperp  Wald [20] ,  d e a l t  w i th  t h e  unbalanced one-way 

c l a s s i f i c a t i o n .  H e  showed t h a t  a weighted Between Mean Squares i s  

d i s t r i b u t e d  p ropor t iona l ly  t o  a chi-square variate.  
d 

The r a t i o  of 

t h i s  mean squares  ' t o  t h e  Within Mean Squares,  which fol lows an F d is -  

t r i b u t i o n  is used t o  cons t ruc t  confidence l i m i t s  on y L a t e r  th is  1' 
procedure w a s  extended by Wald [21]  to m u l t i p l e  c l a s s i f i c a t i o n s .  A 

more gene ra l  procedure,  iqhich inc ludes  t h e  previous two procedures as 

s p e c i a l  cases, w a s  developed by Wald [22] .  According t o  th i s  proce- 

dure  f o r  each b ,  a s imple least squares  estimates, Ci, and i ts  co- 

va r i ance  mat r ix ,  Vi' are der ived.  

1 

It is  t o  be noted here, t h a t  a 

s imple least  square  means a least  square  assuming f ixed  e f f e c t  model; 

t h e  covariance matrix i s  computed assuming t h e  elements b 

The r a t i o  of t h e  quadra t i c  form 

are random. i 

n -1 - 
q = (bit Vi b 1 . I  / (mi-l) (1.14) 

t o  the Er ro r  Mean Squares is  used t o  d e f i n e  a confidence r eg ion  f o r  

t h e  y's, 
2 Define this  r a t i o  of q u a d r a t i c  forms by Q(q, s ), i . ee  

(1 15) 

where 

2 s = Erro r  Mean Squares. 

2 Since  Wald omit ted t h e  proof t h a t  Q(q9 s ) fol lows an F d i s t r i b u t i o n ,  

2 

are independent and each fo l lows  t h e  

w e  w i l l  g i v e  i t  h e r e ,  

r a t i c  forms (mi- l )q  and Nes 

Q ( 4 ,  s ) fol lows an F d i s t r i b u t i o n  i f  t h e  quad- 

2 
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chi-square d i s t r i b u t i o n .  The last  cond i t ion  i s  obviously s a t i s f i e d .  

To prove t h e  independence of (m -1)q and Nes2 l e t  G(q, s Ib) be  t h e  2 
i 

2 cond i t iona l  d e n s i t y  func t ion  of: q and s assuming B v  = [ b l t J  

2 b c q ]  t o  b e  f ixed .  S ince  and s are independent 

where 

G1(4]b) is  t h e  cond i t iona l  d i s t r i b u t i o n  of q. 

G2(s Ib) i s  t h e  cond i t iona l  d i s t r i b u t i o n  of s . 2 2 

But- s2 is  independent of b thus 

2 2 G 2 ( s  Ib) = H ( s  ).  

The uncondi t iona l  j o i n t  dens i ty  func t ion  of q and s2 is  

(1,17) 

(1,18) 

is t h e  d e n s i t y  of b .  

f ( b )  Gl(qlb)db. (1.19) 

2 s ) i s  t h e  product of d e n s i t y  func t ions  of s2 and q which 

2 independence of q and s 

thought t h a t  Vi depends only on y and der ived  a confidence i 

l i m i t s  f o r  each y s e p a r a t e l y .  Unfor tuna te ly ,  as was poin ted  ou t  by 

S p j @ t v o l l  [17] ,  t h e  mat r ix  Vi u s u a l l y  depends on yl, 

method, a l though i t  is  q u i t e  gene ra l ,  is  r e l a t i v e l y  unpopular. 

i 

y,. Wald ' s  

Thompson [18] used Wald's method t o  c o n s t r u c t  a confidence i n t e r v a l  

f o r  y1 i n  a mixed p a r t i a l l y  balanced incomplete block des ign ,  X i s  

r e s u l t  is complicated unless  t h e  des ign  i s  dual .  SpjQtvol l  [17] 
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considered a Model I1 for a two-way classification with interaction 

and applied Wald's method to construct a confidence interval for the 

r a t i o  of the interaction components to the error. He also outlined 

the procedure for constructing confidence intervals for the other 

two ratios of variances when the inteyaction is assumed zero. 
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CHAPTER I1 

BALANCED DESIGNS 

I n  t h i s  chapter  w e  s h a l l  d i scuss  balanced Lis igns.  W e  s h a l l  

cons t ruc t  confidence reg ions  f o r  t h e  y 9 s  i n  t h e  one-way c l a s s i f i c a -  

t i o n ,  nes t ed  c l a s s i f i c a t i o n ,  two-way ' c l a s s i f i c a t i o n  and balanced 

incomplete block design.. W e  s h a l l  de r ive  t h e  confidence reg ions  f i r s t  

us ing  the  method developed i n  Har t leyandRao ' s  [ l o ]  paper,  then w e  

s h a l l  de r ive  t h e  reg ions  using Wald's r e s u l t s  [22] .  

W e  n o t e  h e r e  t h a t  i f  t h e  f ixed  e f f e c t s  and t h e  random e f f e c t s  

are or thogonal  t h e  two procedures  are i d e n t i c a l  i f  t h e  fol lowing 

condi t ions  are s a t i s f i e d :  
1 , _  

(I) The least  squares  e s t ima to r  o f  8 ,  t h e  n u l l  vec to r ,  is 

i d e n t i c a l  t o  t h e  s imple least squares  e s t ima to r  e 

(2) The Er ro r  Sums of Squares when a l l  t h e  f a c t o r s  o f  t h e  model 

(1.1) are assumed f ixed  i s  i d e n t i c a l  t o  R e s  of Equation (1.11). 

Note t h a t  when Er ro r  Sum of Squares i s  equal  t o  R e s  then  t h e  two 

procedures w i l l  b e  i d e n t i c a l  i f  

But under t h e  assumption of  o r thogona l i ty  of t h e  f ixed  and random 

effects 

Now condi t ion  (1) above impl ies  that 

var(i> = var(l;>. 

We know t h a t  var($> = C22(y)e 
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The r e f  o re 

2 .1  One-way C l a s s i f i c a t i o n  

L e t  us suppose t h a t  w e  hzve r classes and s observa t ions  i n  each 

class. We can w r i t e  t h e  model as follows: 

Y = l u + U b + e ,  . . (2.6) 

where 

i is  an n x l  v e c t o r  whose elements are un i ty ;  

u =  

A(k) is  an s x r  ma t r ix  whose elements, a are def ined  as f o l -  ij ' 
lows : 

a = l  f o r  a11 i i k  

ai j 

It is obvious t h a t  t h e  covariance ma t r ix  of t h e  observa t ion  

= o  f o r  a l l  i and j $: k. 

v e c t o r  is a block d iagonal  ma t r ix  

. a ,, 2 
0% = CT Diagi (I + ylJ) (I + ylJ) 

where J is a matrix whose elements are un i ty .  

By d i r e c t  m u l t i p l i c a t i o n  i t  can b e  v e r i f i e d  t h a t  

J I S  e e . 9  (1 - 1 f syb J)). (2 0 8) Y1 E-' = Diag {(I - + syl 

Following Har t ley  and Rao's [lo] procedure which w a s  d i scussed  

i n  chapter  I w e  choose t h e  matrix 

where 
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(2. l o )  

Y i s  an sxr - lmat r ix  whose elements are un i ty  

A(k) i s  an sxr-1 mat r ix  as def ined previously,  

as a base matrix. It can be  e a s i l y  v e r i f i e d  t h a t  t h e  normal equa- 

t i o n s  f o r  es t imat ing  )-I and t h e  dummy n u l l  vec to r  $ are 

(2.11) rs 0 1 
0 s(1 + Y) 

'r-1 r. 

where 

is  t h e  t o t a l  of t h e  observat ions i n  the i t h  class,  
ka 

Y.. = Yl + e.. + Y . r. (2 e 1 2 )  

A f t e r  simple a lgeb ra i c  manipulations t h e  s o l u t i o n  t o  t h e  normal equa- 

t i o n s  may b e  put  i n  t h e  following form 

(2.13) 

The Reg and R e s  q u a n t i t i e s  are 

(2.14) 

(2.15) 

2 2 2 
Reg = [l/(l f syl)l [Y../rs + (CYi - Y e o / r ) / s ] ,  

R e s  = Y'Y - (CY. > / s o  

9 

2 
1. 3 

The covariance matrix of t h e  estimates i n  equat ion (2.13) is  

(2.16) 

and thus 
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(2 (. 17) 

S u b s t i t u t i n g  i n  equat ion  (1.12)  i t  can be e a s i l y  v e r i f i e d  t h a t  

2 

Z(YQ = (2-18) 
r ( s  - 1) c ( Y ~ -  - ~ . * - / r )  / ( r  - 1) 
s(l + syl) [Y 'Y - CY2 /SI 

1. 

A f t e r  s i m p l i f i c a t i o n s  t h e  confidence i n t e r v a l  f o r  y becomes 1 
l/s [ r(s - 1) c(Yi*  - YP e /r) 2 

s ( Y p Y  - CY. / s )FL ( r  - 1) 
1, 

r(s - 1) (Yi - y e e / r ) 2  - 
s ( Y p Y  - CY? /s)Fl(r  - 1) 

e (2.19) 

1, 

This confidence i n t e r v a l  i s  i d e n t i c a l  t o  t h e  classical a n a l y s i s  of 

va r i ance  i n t e r v a l  d i scussed  i n  Scheffe '  [x]. Equation (2.16) shows 

t h a t  t h e  f ixed  e f f e c t ,  i n  t h i s  case t h e  mean, and t h e  random e f f e c t s  

are orthogonal.  

i n t e r v a l  s i n c e  t h e  e s t ima te  B i n  equat ion (2.13) is  i d e n t i -  

Thus Wald's procedure w i l l  y i e l d  t h e  same confidence 
n 

cal to t h e  simple least  squares  estimate 

equat ion  (2,15) is i d e n t i c a l  t o  t h e  Er ro r  Sum of Squares. 

and t h e  q u a n t i t y  Res of 

2,2 Nested C l a s s i f i c a t i o n  

The balanced twofold nes t ed  c l a s s i f i c a t i o n  components of vari- 

ance model is  def ined  by the model 

1 1  Y = 1p 4- U b 4- U2b2 $. e, 

where 

(2 * 20) 

1 is an n x l  vec to r  whose elements are u n i t y ,  
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A(k) i s  a s  def ined  previous ly ,  

U2 = Diag {B, B), 

B =  

The covariance mat r ix  of t h e  v e c t o r  of observa t ions  

u U'I, cT H = a2fi + y u u 1 1 1  + y2 2 2  
2 

where 

U2Uh = Diag{Jt e Jt). 

By d i r e c t  m u l t i p l i c a t i o n  w e  can v e r i f y  t h a t  

where 

(2.22) 

(2.23) 

is 

(2 e 21) 

(2.24) 

(2 25) 

(2.26) 

(2 27) 

(2.28) 

(2 29) 

Following t h e  procedure descr ibed  i n  Har t ley  and Rao [lo] w e  

choose the h a s e  matra  

I?- = Illuyuy 3 

. _. _ .  

where 
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up = 

rs t x  (r-1) 

U*2 = Diag{B*, * .  , B*) 

stx(s-1) 

(2.31) 

( 2 , 3 2 )  

(2,33) 

and t h e  su3matr ices  i n  e i u a t i o n s  ( 2 . 3 1 ) ,  (2.33) are def ined  earlier. 

It is  convenient t o  d i v i d e  t h e  dummy n u l l  v e c t o r  8 i n t o  r-1 and 

r(s-1) su3vec tors  as follows 

B = [;;I (2.34) 

The normal equations f o r  t h e  least squares  e s t ima t ion  of  1-1 and B are 

given by ( 2 . 3 5 ) .  After  a s imple a l g e b r a i c  manipulat ion t h e  s o l u t i o n  

of t h e  normal equat ion  is given by ( 2 , 4 0 ) .  It i s  easy t o  v e r i f y  

t h a t  t h e  q u a n t i t i e s  Reg and Res  are given by equat ion  ( 2 . 4 1 )  and 

( 2 . 4 2 )  r e spec t ive ly .  

Frst 0 
0 G s t ( 1  + J) (2 35) 
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where 

6 = (1 -f- t y 2  f sty1) -1 9 

C = Diag{(I f J ) ,  (I f J)), 

i s  t h e  total of observat ions A t h e  i j t h  s u b c l a s s ,  'ij 

.e *  -f- Yis , - - Yi - - Yil 
* .  

Ye.. = Y1 tr . * e  f Y 
. D  r. e 

Y. . e /rst 
(Y1 - Y . . . / r ) / s t  

.e 

- Y../r)/st ('r-1.. 

(2.36) 

(2 37) 

(2 .38 )  

(2.39) ' 

(2.40) 
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n 

2 2 [CYi - Y. ../r] I- 1 
s t ( 1  f t y 2  + sty1) e .  

3- 

CY2 /SI. ( 2  e 4 1 )  j. 

( 2  e 42)  

It can be  e a s i l y  seen  t h a t  t h e  covariance matrix of t h e  estimates 

i n  equat ion  (2 .40)  is  

where 
1 f t y 2  + s t y 1  

(1 - 1/rJI9 st C 2 2  (Y) = 

0 9 

c 3 3 ( Y )  - 

(2 .43)  

(2 .44)  

1 + tY2 
Diag((1 - l/sJ), . . ., (I - l/sJ) 1. (2 .45)  c33 (Y) = t 

The mutual o r thogona l i ty  of 0, $ and enables  us  t o  de r ive  
1 2 

s e v e r a l  confidence regions., These confidence reg ions  are i d e n t i c a l  

t o  t h e  reg ions  der ived  from t h e  a n a l y s i s  of va r i ance  t a b l e .  Wald's 

method g ives  i d e n t i c a l  confidence regions.  This is  obvious s i n c e  t h e  

estimates 9, g, and Z 2  are or thogonal  t o  each o t h e r  and i d e n t i c a l  t o  

t h e  s imple least  squares  estimates and t h e  q u a n t i t y  R e s  def ined  by 

equat ion  (2 .42)  is i d e n t i c a l  t o  t h e  E r r o r  Sum of Squares i n  the  

a n a l y s i s  of var iance .  L e t  us now g i v e  t h e  confidence reg ions .  

(1) A confidence i n t e r v a l  f o r  y may be based on t h e  func t ion  2 
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It is  r e a d i l y  seen t h a t  

2 2 
r s ( t  - I ) [ ~ Y ~ .  - CYi e. /SI 

'l('2) = t(1 f ty,) :is - 1) R e s  ' 

(2.46) 

(2.47) 

and t h e  confidence i n t e r v a l  f o r  y i s  

r s ( t  - l ) [ c y i .  - cyi /SI  
< 2  

2 2 .. 
rt(s - 1) R e s  F2 

cyi 2 .SI - '1 
s (2 .48 )  

.. 

(2) 

func t ion  

A confidence reg ion  f o r  y1 and y can be der ived  from t h e  2 

A f t e r  s i m p l e  a l g e b r a i c  manipulat ions w e  ob ta in  

2 2 r s ( t  - l)[cYi - Y . . . / r ]  
* e  

'2('13 '2) = (r - l ) s t ( l  4- ty2 f s t y  ) R e s  ' 1 

and 

r s ( t  -  CY? - y2 /rl 
1.0 . * e  

I; 14- t y2  4- sty s st(r - 1 )  R e s  F2 1 

2 2 

st(r - I) R e s  F1 
rs(t - 1) [CYi - Ye. ./rI 

. e  

(2.49) 

(2 a 50) 

(2.51) 

(3) Another confidence reg ion  f o r  y and y2 can be based on t h e  1 
func t ion  
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Simplifying (2.53) we g e t  
I- Q - 

L CY;. - CY; / s  CY; .. - ~ . . . / r  
+ rs(t - 1) i st(1 + t y 2  +.sty1) t ( l  + ty2) 

Z 3 ( ~ 1 >  ~ 2 )  = (rs  - 1) R e s  e 

(2,511 

The confidence r eg ion  is def ined  by t h e  i n e q u a l i t y  

2 2 2 2 CYi. - CYi / s  

t( l  + t Y 2 )  s .. ( r s  - 1) R e s  F1 CYi - Y . - * / r  
+ ( D .  < 

rs(t - 1) - st(1 + ty, + sty1) 

(rs - 1) R e s  F2 
e (2.54) rs(t - 1) 

(4) F i n a l l y  a confidence r eg ion  f o r  y1 and y2 can be der ived  

from 

o r  from i t s  i n v e r s e  

(2.55) 

(2.56) 

After  s i m p l i f i c a t i o n s  w e  see t h a t  t he  confidence reg ion  der ived  from 

(2.55) is  def ined  by the i n e q u a l i t y  

st(r - l)[CYi. 2 - CYi 2 /SI F2 
* s  

r )  (2 57) 
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2 . 3  Two-way C l a s s i f i c a t i o n  Mixed Model wi thout  

I n t e r a c t i o n  

The two-way c l a s s i f i c a t i o n  Mixed Model wi thout  i n t e r a c t i o n  i s  

s p e c i f i e d  by t h e  mathematical model 

Y = 1p* -I- TT + Ub + e, (2.58) . 
where 

1 is an n x l  v e c t o r  whose elements are u n i t y ,  

(2 .59)  

B =  

U =  

(2.60) 

(2.61) 

The matrices A(k) a r e  def ined  previously.  Let us n o t e  h e r e  t h a t  -r is  

a v e c t o r  of f ixed  elements and b is a vec to r  of random elements. It 

is w e l l  known t h a t  t h e  mat r ix  T is  not  of f u l l  column rank; thus i n  

o rde r  t o  apply t h e  procedure descr ibed by Har t l ey  and Rao [lo] we need 

t o  "reparameCerize" t h e  model (2.58). This might b e  achieved by rede- 

f i n i n g  t h e  model as follows 

Y = 11-1 + X a + U b  + e ,  (2.62) 

where 

1-1 = 11* 3- C T i / S 9  

a is  an (s - 1)xl v e c t o r  whose elements ai are def ined  as 

(2-63) 

follows : 

a = T - k / S P  
i i (2 ,64)  
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X =  0 (2 65) 

(2 66) 

Now w e  can apply t h e  procedure t o  t h e  model (2.62). 

The covariance ma t r ix  of t h e  observa t ions  'is 

a2J3 = a2 Diag{ (I + ylJ) ,  . . . (I f ylJ) 1 ,  (2.67) 

and 

(2.68) €Iw1 = Diag{(I - Y 1  
+ stYl 

L e t  now choose W as a base  matrix, where 

w = [ilxiu*], 

e 

A ( r  - 1 )  
r s t x ( r  - 1) 

(2 .69)  

(2,70) 

It can be  e a s i l y  v e r i f i e d  t h a t  t h e  normal equat ions  f o r  the least 

squares  estimates of 1.1, c1 and t h e  dwlmy n u l l  vector B are 

0 0 

0 rt(1 f J) 0 

0 0 

rst 
P f s t y l  

(1 + J> st  
1 4- s ty1  - u  ms. . .. e s-1. Y 

Y1 - Y  
1 4- s t y l  

* *  re  e 
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(2.71) 

where 

Y is the  t o t a l  of a l l  the  observat ions t h a t  received .j. 

j t h  f ixed  f a c t o r ,  

i s  the  t o t a l  of a l l  t he  observat ions t h a t  received 

i t h  random f a c t o r ,  

Y... = Y + e.. +.Y . 1. e r.. 

Solving (2.71) we obta in  

(Y - Y. -, . / s ) / r t  .l. 

- Y.../s)/rt . s-1 e 
(Y 
(Y1 - Y.../r)/st .. 

It r e a d i l y  seen t h a t  

3 

2 - Y.../s] 

- Y  I ,  
e.*/r 

I 2 
+ s t ( 1  + sty1) ["j.. 

2 2 2 R e s  = Y 'Y - CYi / s t  - CY 
e 6  .j. 

/r t  3- Y. ./rst, 

(I + J). -1 s t  
c22. (y) = 1 + s t y 1  

The confidence i n t e r v a l  i s  based on t he  func t ion  

the  

the  

(2 e 72) 

(2 a 73) 

( 2 . 7 4 )  

(2.75) 

(2,76) 
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Afte r  s i m p l e  a l g e b r a i c  manipulat ions w e  g e t  

1 
2- st  

It can be  

- 
2 2 

(2.77) .. ( r s t  - r - s + l)(CYi 

s t ( r  - 1) R e s  F1 - 
r e a d i l y  v e r i f i e d  t h a r  ( 2 . 7 6 )  y i e l d  t h e  c l a s s i c a l  F 

r a t i o .  Thus t h e  i n e q u a l i t y  (2.72) can be obta ined  from t h e  a n a l y s i s  

of va r i ance  t a b l e .  We n o t e  t h a t  t h e  f i x e d  elements and t h e  random 

elements of t h e  model (2.62) are orrhogonal, fur thermore cond i t ions  

(1) and (2) on page 11 are s a t i s f i e d .  Thus Wald's procedure w i l l  

y i e l d  t h e  same r e s u l t  as i n  (2.77). 

2.4 Two-way C l a s s i f i c a t i o n  Model I1 without  

I n t e r a c t i o n  

The model of t h e  two-way c l a s s i f i c a t i o n  Model I1 without  i n t e r -  

a c t i o n  may b e  w r i t t e n  i n  the  fol lowing form 

Y = lp + Ulbl 4- U2b2f e, 

where 

- 
- 

B =  3 

(2 78) 

(2 e 79) 

(2 e 80) 

and 
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u2 - 

The mat r ices  A(k) were defined previously.  
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(2.81) 

To f i n d  the  covariance matrix of the  observat ions,  i t  is  con- 

venien t  t o  def ine  

D s t x s t  = Diag{Jtxts . e e Jtxtla (2 .82)  ' 

(2 83)  

where I i s  the  i d e n t i t y  matr ix  of dimension st. Now i t  is r e a d i l y  

seen t h a t  t h e  covariance mat r ix  is  

(2.84) 2 2 
CT H = CT [I +- y1 Diag{D, ..., D)J(I)  + y2 DiagIJ,  ..., J)]. 

To f i n d  H-' l e t  us w r i t e  H i n  the  following form 

By d i r e c t  m u l t i p l i c a t i o n  i t  is easy t o  v e r i f y  t h a t  

is  equal  t o  
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Thus i t  is  r e a d i l y  v e r i f i e d  t h a t  

tY2 

2 (D - 1 + r t y l  + s t y  

y2 J).). 
-- (I - 1 I- s t y 2  (2.87) 

Following the procedure descr ibed  by Har t ley  and Rao [lo] w e  

where 

r B * q  

u; = 

L-J _ j s t x ( s  - 1) 

(2 e 88) 

P 

2 

A ( r  - 1) 
rstx(r - 1) 

(2.89) 

(2.90) 

(2.91) 

as a base  matrix. 

It i s  convenient t o  d iv ide  the dummy n u l l  vec to r  6 i n t o  two 

subvec tors  of  dimension s - 1 and r - 1 as follows 

(2.92) 
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Y.. .  
1 + r t y l  + s t y 2  

Now i t  can be  e a s i l y  v e r i f i e d  t h a t  t h e  normal equat ions f o r  t h e  

e s t ima t ion  of 1-1 and t h e  dummy n u l l  vec to r  B are 

- 
rs t 

1 + r t y l  + s t y 2  

0 

0 
- 

0 

[I + J l  rt  
1 + r t y l  

0 

0 

(2.93) 

where 

Y is  t h e  t o t a l  of observa t ions  rece ived  t h e  j t h  random .j, 

f a c t o r  o f  bl 

- -  
is t h e - t o t a l  of observa t ions  rece ived  the i t h  random 'i. e 

f a c t o r  of b2 

Y = Y1,. + ... + Yr 
* e .  e *  

--Solving t h e  -normal equat ions  (2.93) and s impl i fy ing  we obtain 

1 - 

(2 .1 94) 

(2.95) 

P 
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2 [CY2 * - Y , . * / s ]  
rSt(l + r t y  1 + s t y 2 )  + r r (1  + r ty l )  

1 2 Y . . .  Reg = 
.j. 

2 - Y, . . /P ] ,  
1 2 

st(1 + s t y 2 )  ["i.. 
4- (2.96) 

n 1 + r t y ,  

y l  
1 2 - 

1 + r t y l  ["ij. + 'iij 'k 'ik. jk. 

n 1 d- rty, 
t Y $  - 1 -I- s t y 2  'I) 

Y . (2.97) (1 + r t y l ) ( l  + r t y l  + s ty2 )  'i+j 'i.. j.. + -  

(2.98) -1 Res = Y'H Y - Reg. 

From (2.88) i t  is r e a d i l y  seen that t h e  covariance matrix of the 

estimates (2.95) i s  

1 + r t y l  + s t y 2  
0 

K S t  

Z(Y)  = 0 

where 

(2.99) 

(2.100) 

(2,101) 

1 It is  p o s s i b l e  t o  d e r i v e  several confidence reg ions  fo r  y 

2" and y 
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(1) A confidence reg ion  €or  Y and Y2 can b e  based on the  1 

func t ion  

This  func t ion  can be s i m p l i f i e d  t o  

2 
+ l [ C Y 2  - Y.. . /s]  rst - r - 

rt(1 + r t y , )  e j .  
I 

Z1(Y19Y2) = (r h s - 2) R e s  

r s t - r - s + l  [cyi 2 - Y. 2 ../rl st(1 + sty,)  .. . (2.103) L 

(r + s - 2) Res 4- 

(2) It can b e  e a s i l y  seen t h a t  t h e  func t ions  Z (y ) and 

Z3(ylsy2) g iven  by (2-104) and (2.105) fol lows F d i s t r i b u t i o n  and 

2 1*y2 

thus a confidence reg ions  may be based on then. 

(2 e 1 0 4 )  

(2.105) 

It is easy t o  v e r i f y  t h a t  Z2(y1,y2) may b e  s i m p l i f i e d  t o  (2.106) and 
. .  . . .  

Z3Cyl1y21, to C2.1071 
. . . . . . . . . . . . . . . . . . . . . 

2 . r s ~ . - . ~ .  . - P . , . ~ . / S l  e j m  . . . . . , 

cs - 11’ Res e 

. . .  . .  

2 . .  rs t ’ - ’s  -.r’+ 1 2 [CYi - Y e  e e/r] 
. .stCl + s t y 2 )  a *  . . . ,  

Z 3 C Y 1 4  = (F - 1) Res e 

(3) Xt is r e a d i l y  v e r i f i e d  that the quadqat ic  forms 

(2,106) 

(2 3.07) 

(2 108) 
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and 

(2 0 109) 

are independent and each i s  d i s t r i b u t e d  as, a chi-square w i t h  (s -: 1) 

and (r - 1) degrees  of freedoin r e spec t ive ly .  Thus the func t ion  

(2 110) 

o r  i t s  i n v e r s e  

(2.111) -1 
Zzj(Y1,Y2) = [ Z ~ ( Y ~ , Y ~ ) I  

follows F d i s t r i b u t i o n .  E i t h e r  Z4(y1,y2) or Z5(y1,y2) can b e  used t o  

d e r i v e  a confidence reg ion  

r eg ion  based on Z (y 4 13y2)* 

f o r  y1 and y We de r ive  t h e  confidence 2"  

Z4(yl3y2) may b e  s i m p l i f i e d  t o  the form 

2 2 

2 2 
(r - l )s t ( l  + s ty2)  (CY . 
( s  - l ) r t ( l  + rtyl)(GYi 

- Y.. . / s )  

- Y . * * / r )  
. e  

24 (Y1 9Y2 I =  e 

.. 
Thus t h e  confidence reg ion  i s  descr ibed  by the i n e q u a l i t y  

(2 e 112) 

(2 e 113) 

- I . t - i s . - to -be  noted  that  the .least squa res  estimates of  l.~ and, $ 

are i d e n t i c a l  t o  t h e  s imple least  squares  estimates, b u t  the q u a n t i t y  

R e s  def ined  by equat ion  (2.98) i s  d i f f e r e n t  from the Er ro r  Sum of 

- - - - - - - - - - - - - .. - .  - - - . -. - . . 

Squares i n  the a n a l y s i s  of  va r i ance  assuming f ixed  e f f e c t  model, 

Thus Wald's procedure [22]  y i e l d s  a d i f f e r e n t  confidence regions, 

L e t  us d e r i v e  Wald's confidence regions.  
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As i n  Har t ley  and Rao's [lo] procedure,  Wald's procedure pro- 

v ides  several confidence reg ions ,  some of t h e m  are i n t e r v a l s  f o r  a 

s i n g l e  y.  

model. 

i d e n t i c a l  t o  least  squares  estimate, w e  know t h a t  

We denote  by ESSq t h e  Er ro r  Sum of  Squares assuming f ixed  

Since t h e  s i m p l e  least  squares  estimates of 1.1 and B are 

and 

(2.115) 

where C22(y1) and C (y ) w e r e  def ined  by equat ions  (2.100) and 33 1 

(2-101)> r e spec t ive ly .  Thus confidence reg ions ,  o r  i n t e r v a l s ,  de- 

r i v e d  from Wald's procedure may b e  based on the fol lowing func t ions ,  

(rst - r - s + 1) q1 
ZllYl) = (S - 1 )  ESSq 3 

(rst - r - s + 1) q2 

Z2(Y2> = (r - 1) ESSq 3 

(2.116) 

(2.117) 

(2 e 118) 

where q and q 1 2 are def ined  by equat ions  (2.108) and (2.109) 

r e s p e c t i v e l y ,  

It i s  r e a d i l y  seen t h a t  Z (y ) $  Z (y 1 and Z3(y1,y2) can b e  1 1  2 2  

s i m p l i f i e d  t o  

2 2 
(rst - r - s I-  CY ~ - Y , . , / s )  

2 2 (rst - K - s +  CY, - Y e m e / r )  
l o  a 

'2('2) = st(s - 1)(1 4- s ty l )  ESSq 3 

(2 a 119)  

(2 * 120) 
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Z3(Y1,Y2) = 
(r + s - 2) ESSq 

( 2 .12 1) 

It i s  c l e a r l y  seen  t h a t  Z (y )s Z,(y,) and Z3(y1,y2) may b e  

der ived  from t h e  a n a l y s i s  of va r i ance  t a b l e ;  thus Wald's procedure 

and the a n a l y s i s  of va r i ance  procedure are i d e n t i c a l .  

1 1  

2.5 Balanced Incomplete Block Design 

I n  t h i s  s e c t i o n  we assume t h a t  t h e . d a t a  are descr ibed by a bal-  

anced incomplete block design w i t h  b lock considered random. 

It is convenient t o  s tar t  w i t h  genera l  two-way c l a s s i f i c a t i o n  

Mixed Model with unequal numbers pe r  subc la s s  and wi thout  i n t e r a c t i o n .  

The model of such  des ign  is 

Y = 11.1 -t- TT + Ub + e, (2.122) 

where 

T =  (2 123) 

a 

e s  

(2 124) 

(2.125) 
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n I; t h e  number of observa t ions  i n  i j t h  cel l ,  . (2 126) ij 

n = n  + . . , - t - n  i. il is e 
(2 J 2 7 )  

The covar iance  matrix of t h e  observa t ions  i s  a block d iagonal  

matrix 

(2.128) 

and its i n v e r s e  i s  

J), ..., (I - J)). yl. 
(5 2 0 2 + YeY1 1 + nr Y1 

Diad (I - 1 -1 -H = -  

L e t  us d e f i n e  t h e  ma t r ix  X as fo l lows  

X = [lITIU]; 
* ., 

Then it  can be e a s i l y  v e r i f i e d  t h a t  t h e  normal equations - 
X'H-'X I] = X ' H - 4 ,  

(2.129). 

(2.130) 

(2.131) 

where 8 is  a dummy n u l l  vec to r ,  may b e  s i m p l i f i e d  t o  
A 

A 

(2.132) A 'i.. + C.r.h = C 'ini n i. 
+ i ' l + n . y l  1. j j  j 1 + niJ1 

A A n 'i.. 
1 +'ni y1 

n - - i j  a i n 

+ C'j 1 + niey& + 'i 1 + n.  y1 ' 1 + ni y1 
i. 

J 1. 

j = 1, *.., rp  

(2 J 3 3 )  

(2 e 134) 

where 

(2,135) 
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(2 ,136)  

= t o t a l  of observa t ions  i n  block i, 'i.. 

(2.137) 

(2 e 138) 

(2 -139) 

Y = t o t a l  of observa t ions  t h a t  rece ived  treatment j . (2.140) 

Now w e  w i l l  s p e c i a l i z e  the  two-way c l a s s i f i c a t i o n  wi th  unequal, 

.j. 

numbers p e r  subc la s s  t o  balanced incomplete block des ign  w i t h  the  

fol lowing parameters: 

v i s  t h e  number o f  t rea tments ,  

b i s  t h e  number of b locks ,  

r i s  t h e  number of b locks  conta in ing  any t r ea tmen t ,  

k is  t h e  number o f ' p l o t s  pe r  block, 

X i s  t h e  number of times any two t rea tments  appear  t oge the r  i n  

the s a m e  block. 

Now i t  2s easy tQ yerffy. t h a t  

'I 

. .. .. . 
. . . .y, 

@ e  1412 

C2 1 4 2 )  

(2 143) 

(2,144) 

,' - 
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The normal equat ions  (2.132), (2.133) and (2,134) are r e a d i l y  

s i m p l i f i e d  t o  

V ,.. l. 
‘ I : -  .. - 

1 f kyl’ + C T  
bk ’ 1 9  kyl + :’i 1 + kyl j j 3 + kyl 

k A k 1 - ’i . - ’ 1 + kyl -k ’i 1 -i- kyl + ‘?jnij 1 + .kyl 1 -i- kyl’ 

(2 145) 

(2.146) 

i = 1, ..’, rr 

n 

= y  - g j  9 

P I. r +x%, A y l  
+ ‘j i, + kyl - 1 + kyl . j  1 1 f kyl $- ;’i*ijl + ky 

(2.147) 

j = 1, ..., V. 

To s o l v e  the normal equat ions  (2.145), (2.146) and (2.147) w e  

sha l l  rewrite (2.146) as follows: 

V 

and (2.147) i n  t h e  fol lowing form 
I. 

From (2.148) 

S e t t i n g  

CT = 0 
j j  

(2.148) 

(2 a 149) 

(2 e 150) 

(2 151) 

and equat ing  the r i g h t  hand s i d e s  of equat ions  (2,149) and (2.150) 

w e  ob ta in  
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Subs t i t u t ing  (2.152) in (2.148) w e  g e t  

Cn (Y - - In  Y. 1. p C t B B i = - - -  .j k, ij 1. 
i. 
k . hv ij 

. A  Y 
a 

. .  

From (2.145), (2.152) and (2.153) we have 

1.* 
P = = ¶  

and 

Using the model (2.122) we can prove easily that 

n - k(v - 1) u2 
2 var( . r . )  - 3 

AV J 

. A  n k 2  
COV(T $Tk) = - 2 u 

AV 3 

n 

var(Bi) = u (b bk - (1 4. kyl)$ 

2 

It i s  e a s i l y  seen t h a t  

(2.152) 

(2 J53) 

'(2.154) 

(2.155) 

(2.156) 

(2 157) 

(2,158) 

(2.159) 

(2.160) 

(2 161) 

(2.162) 

(k + l)Y1 
] C n  .Y .Yi, k 2 1  2 Y, * +-CY -$I+ Reg = vk(1 3- kyl) Av .j 1 + kyl ij i j  .J 
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C(Gn. . Y .  /k)29 (2.163) Y1 (1 + - 1 
1 i- kYl AV - 1. jk Xv(1 + ky1) 1J 1. 

I- 

-1 R e s  = Y'H Y - Reg. 

(2,164) 

(2,165) 

From equat ions (2.158) and (2.159) w e  can write the covariance 
A 

mat r ix  of B as follows . 
3 

(2.166) 

IC is  r e a d i l y  seen t h a t  a confidence interval  may be  based on 

t h e  func t ion  

*2 
i i  

k(bk - b - v + l ) C @  

z(yl) = (1 + kyl)(b - 1) Res * (2.167) 

A f t e r  s i m p l e  a l g e b r a i c  manipulat ions we o b t a i n  the confidence i n t e r -  

val 

^2  ^ 2  
k(bk - b - v + l ) C B i  k(bk - b - v + l ) C g i  A A (2.168) e- 

F2k(b - l)B - E<- '1 Flk(b - 1)B kB ' 

where 

A = y s y  - - - -  Cn. .Y. Y - (1 '4- - k 2 1  k -  ') cY2 /k - Y,./vk, 2 ~v . ~v ij 1. .j AV 1. 

2 C (C n..P. /k) e 

j i. 
-- 

AJ 1. 
- 2x2 /k - - 

._ kAv ;L, kXv (2 J70) 
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The l e a s t  squares  e s t ima tes  (2.152), (2.154) and (2,155) a r e  

i d e n t i c a l  t o  t he  simple least squares  e s t ima tes ;  thus the  covariance 

matr ix  of ^B i s  given by (2.166) e We can de r ive  Wald's confidence 

i n t e r v a l  from 

where 

the  func t ion  

2 
k(bk - b - v + l)Zgi 

(1 3- kyl)(b - 1) ESSq' 

> 
(2,171) , 

(2.172) 

is t h e g r r o r  Sum of-Squares assuming f ixed  e f f e c t  model. It can be 

e a s i l y  seen t h a t  Wald's confidence i n t e r v a l  i s  given by the  

inequa l i ty  

k(bk - b - v 4- 1 ) Z g q  - 11. 1 
k Fl(b - 1)ESSq 

k(bk - b - v i- 1 ) Z i :  
- 11 I y1 I -[ 1 -1 k F2(b - 1) ESSq 

(2.173) 
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CHAPTER I11 

UNBALANCED DESIGNS 

I n  t h i s  chapter  w e  s h a l l  cons ider  two unbalanced designs.  F i r s t  

w e  s h a l l  cons t ruc t  a confidence i n t e r v a l  f o r  y i n  one-way c l a s s i f i c a -  1 
t i o n  wi th  unequal numbers per  sub class.  W e  s h a l l  see t h a t  Har t ley  

and Rao 's [lo] confidence reg ion  is  i d e n t i c a l  t o  a confidence i n t e r -  

v a l  der ived  by Wald [201. Then w e  s h a l l  consideranunbalanced nes ted  

c l a s s i f i c a t i o n  wi th  unequal levels  of  t h e  secondary f a c t o r  and un- 

equal  numbers of observat ions p e r  secondary f a c t o r .  Three confidence 

r eg ions  f o r  y1 and y2 w i l l  be der ived 

i n  Har t ley  and Rao [lo] e Wald's l22] 

w i l l  be  der ived  by two methods then a 

be  der ived via  Wald's 1221 procedure. 

based on t h e  procedure o u t l i n e d  

confidence reg ion  f o r  y1 and y2 

confidence r eg ion  f o r  y w i l l  2 

3.1 One-way C l a s s i f i c a t i o n  

The genera l  one-way c l a s s i f i c a t i o n  model w i th  unequal numbers 

p e r  subc lass  is 

where 

- 
- I :  1 9  
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n = t h e  number of observa t ions  i n  t h e  i t h  c l a s s ,  (3  3) i 

r '  n = n + . . e  + n  P ( 3 . 4 )  

and t h e  matrices A(k) were def ined  i n  chapter  11, 

Clea r ly  t h e  covariance mat r ix  of  t h e  observa t ions  is  a block 

d iagonal  mat r ix  

and 

To d e r i v e  a confidence reg ion  f o r  y v i a  Har t ley  and Rao's [lo] 1 
method w e  w i l l  choose W as a base  mat r ix ,  where 

w = [llU$I, 

uz = 

-1 
r -6 1 A '  

- 

( 3 . 7 )  

n xr-1 
a 

(3.10) 

The normal equations f o r  t h e  least squares  estimates of p and 

t h e  dummy n u l l  vec to r  6 are 
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w9 -1 K Y (3.11) 

Simplifying equation (3.11) we get 

J. 

(3.12) 

where 

Y = the total of' rhe observations in the ith subc la s s .  
i, 

It i s  trivial to verify that 

6i)-1 

-1 Diag{ 9 ..(I 

0 

6- l  1 
. r-1 J 1. (3.131 

After algebraic simplification we can put the solution of (3.12) in 

the following form: 

(3 e 14) 



42 

The q u a n t i t i e s  Reg and R e s  are given by t h e  fol lowing equat ions 

A. 

(3.15) 

(3.16) 2 

CYi./n i ., 
R e s  = Y'Y - 

Since t h e  covariance mat r ix  of (3.14) i s  given by 

-1 -1 a2[W'H W] 
A A 

i t  can be  r e a d i l y  seen  t h a t  1-1 and B are independent. P l a i n l y  

and 

The confidence reg ion  i s  based on t h e  func t ion  

A f t e r .  s i m p l i f i c a t i o n s  (3  1 9 )  becomes 

(3  e 19) 

(3.20) 

The func t ion  ( 3 . 2 0 )  was derived by Wald 6 201. H e  showed t h a t  

Z(y ) is  a monotonic func t ion  of y 

dence reg ion  f o r  y i s  a confidence i n t e r v a l  which agrees  wi th  

Wald's confidence interval .  

Thus i n  t h i s  case t h e  confi-  1 1' 

1 
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3 . 2  Nested C l a s s i f i c a t i o n  

The unbalanced nes ted  c l a s s i f i c a t i o n  random model is s p e c i f i e d  

by the gene ra l  mathematical  model 

y = l p  f U b -I- U2b2 f e, 1 1  
where 

- 
u1 - 

- J n  xr  .. 

xs * i  

( 3 . 2 1 )  

( 3 . 2 2 )  

(3 .23)  

( 3 . 2 4 )  

K = t h e  number of levels of the primary f a c t o r ,  

s = the number of levels  o f  the secondary f a c t o r  i 

wi th in  t h e  i t h  primary f a c t o r ,  

n . .  = t he  number of  observa t ions  i n  t h e  j t h  secondary 
=J 

level w i t h i n  t h e  i t h  primary level, 

n = n  + , , . - E n  i s  ' a i i. i 

and t h e  matrices A(k) were def ined  previous ly ,  

C lea r ly  the  covariance mat r ix  of t he  observa t ions  is 
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2 2 
Q B = Q [I + y1 ulu; 3- y2 u2u;1, (3 .25)  

where 

U U p  = Diag {J ..* J ' 3 3  n %. r. I 1  . (3 .26)  

(3.27) U2U; = Diag {Jn . e *  9 Jn ~ 3. 
rs r 11 

It is convenient t o  d e f i n e  

1. (3.28) - - 
'i 

Y l  

Now i t  i s  t r i v i a l  t o  v e r i f y  t h a t  

= Diag CC, ... , e,}. (3  2 9 )  

Following Rao [14] it  can b e  eas l y  v e r i f i e d  t i a t  

(3 .30)  s 

(3 .33)  

Since  H is  a block diagonal  mat r ix ,  p l a i n l y  

-1 -1 H - ~  = Diag IC, . - b  . I cr ( 3 . 3 4 )  
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I n  o rde r  t o  apply t h e  procedure o u t l i n e d  by Har t l ey  and Rao 
t 

['LO] w e  w i l l  choose a base  matrix W def ined  as  follows: 

w = E l l u ~ l u y ,  ( 3  e 3 5 )  

where 

up = . 1 ,  
P 

n xr-I. .. 
-1 

-6, 1 rl' 3 

i = 1, . e .  , r , 

Us = Diag {B* ... , BC}, 1 '  

1) 
A(s i - l )*  is  -1 xs i -1 1 

i 

= bl.. xii 9 'ij ij 

( 3  3 6 )  

(3.37) 

( 3 . 3 8 )  

( 3 . 3 9 )  

( 3  e 4 0 )  

( 3 . 4 1 )  

( 3 , 4 2 1  



46 

i = 1, F 

j = 1, . e -  ¶ i "  S 

A consequence o f  such choice  of  W is  

U f 9 H  1 = 0 ,  -1 

-1' U $ ' H  1 = 0 ,  

U f '  H-l U$ ='O. 

A s  usua l  w e  denote  by 6 a dummy n u l l  vec tor .  

We d iv ide  6 i n t o  (r-1) and c(si-l) subvec tors  as fo l lows  

( 3 . 4 3 )  

( 3 . 4 4 )  , 

( 3  e 4 5 )  

( 3 . 4 6 )  

The normal equat ions for t h e  l eas t  squares  estimates of u ,  &$ and B2 

are 

1' H-' 1 

0 I 0 0 

u t '  l3-I U? 

0 

It is t r i v i a l  t o  v e r i f y  t h a t  

( 3 . 4 7 )  

( 3 . 4 8 )  

( 3 . 4 9 )  

( 3 . 5 0 )  
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-1 = I +  'i 

i Bi A B i  = 

i i 
s s  

J 3  *.e a i i  

J i 
s s  

6i J ,  6 
i i  Sil  - 

Y g  = [Yi p ... $ Y h l ,  

(3.51) 

(3 .52)  8 

(3 .53)  

where Bi is  def ined  by ( 3 . 2 4 )  and Yi is t h e  sub vec to r  of t he  obser- 

v a t i o n s  i n  the  i t h  primary l e v e l .  

Af t e r  s i m p l e  a l g e b r a i c  manipulations i t  can be e a s i l y  v e r i f i e d  

t h a t  

-1 c .  Pi 
1 

where 

= Yi - y2 Bi I I ( 3 . 5 4 )  

= t h e  t o t a l  of t h e  observa t ions  i n  t h e  j t h  secondary l e v e l  'ij 

B with in  the  i t h  primary l e v e l .  

F i n a l l y  l e t  us de f ine  
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-1 
= l S c i  

It is  e a s i l y  seen t h a t  

Yi9 (i = 1, ...$ r), xi 

xi 

C T -  Sj Yi j  * 

w 

i j  

14- Y, c U 4 a  

We can w r i t e  the r i g h t  

( 3 . 4 7 )  as follows: 

It is t r i v i a l  t h a t  

1' H-lY 

-1 U1*'H Y = 

where 

c 
i 

AJ 

hand s i d e  of the normal equat ions  

. 
w ij .I. 

i 
J 

I 

(3 .56 )  

(3.57) 

(3.58) 

(3.59) 

(3.60) 

(3 e 61) 

(3  162)' 
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1 il 

il ('iL* /nil i i i  

0 

n 
- - *is ./n s 

w 
' 1  i Si - - 'is ./nis n i s  i ('isia /nis i i . $  

(3 .63)  

To f i n d  the  s o l u t i o n  of t h e  normal equat ions  we need t o  f i n d  

0 0 

It may be  v e r i f i e d  by d i r e c t  m u l t i p l i c a t i o n  t h a t  

,, (UP H-lU?)-' = Diag{F -1 e ., -1 - (Xi> -1 J, 

( 3 . 6 4 )  

(3 .65 )  

(3 .66 )  

where 

-1 -1 -1 (3 .67 )  -1 -1 
is  -1 ( B Z P C i  Bf) = Diag{wi 9 * * e  % 

1 i 

Now i t  can b e  eas i ly  v e r i f i e d  t h a t  t h e  s o l u t i o n  o f  t h e  normal, 

equat ions i s  
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where 

h n 

a -1.I r -1 

A 

v A .  

Arl./nrl - a K 

. 
-7 n I r - a  s -1./n r r Z S Z - - l  

a 

3 

(3  e 68) 

(3.69) 
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6 

a =  i 

w 

3 : $  i j  'ij e 

(3 70) 

Af t e r  considerable  a l g e b r a i c  manipulations w e  can write the  

q u a n t i t i e s  Reg and Res a s  fol lows:  

Reg = L w,, 

J 

S r i  

(3.71) 

Lc/c) (3 71) 

We p a r t i t i o n  t h e  covar iance .mat r ix  of  t he  es t imates  (3,68) a s  

fo l lows:  
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(3.72) 

where 

(3 .73)  

(3 .74)  

(3 .75)  

A A  A 

L e t  u s  n o t e  f irst  t h a t  t h e  estimates 1.1, B, and 6, are indepen- 

den t .  T h i s  i s  obvious from ( 3 . 7 2 ) .  Thus 

122.13 (Y) = 122 (Y) > (3  e 76) 

(Y) = c33 (Y) % (3 .77)  133.12 

and i f  w e  l e t  

(3 a 78) 

then - - 
1 (Y) = c (Y). (3  (. 79) 
"1 

Following Har t l ey  and Rao [IO] we c o n s t r u c t  t h e  fol lowing confi-  

dence reg ions  f o r  y and y2: 1 
(1) A confidence reg ion  f o r  y and y 1 .  2 

may b e  based on the 

func t ion  
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It may be  v e r i f i e d  t h a t  

. (n - Isi) c 

(Isi - 1) Res 
e *  

z1(Y1;Y2) = 

C =  

4- 

(2)  We can a l s o  use the fo l lowing  func t ions  t o  cons t ruc t  

confidence reg ion  on y1 and y2: 

A confidence r eg ion  f o r  y2 may b e  based upon 

P 

(3.80) 

(3.81) 

(3.82) 

(3.83) 

( 3 . 8 4 )  
3 L  (lsi-r) R e s  

It may be e a s i l y  v e r i f i e d  t h a t  the func t ions  Z2(ylPy2) and Z3(Y2)  

simp 1 if y to 

(3 .85)  
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where 
w 

i j  

Y 

i i j  

(3.86) 

(3.87) 

. .  

(3 .88)  C J  AJ 4 

1 W , i j  
j .  

(3)  F i n a l l y ,  w e  can cons t ruc t  a confidence reg ion  based on t h e  

func t ion  

. 

¶ (3.89) 

(3 89) 

We w i l l  show t h a t  Z (y ,y,) is  distr,,uted l i k e  F h , s t r ibu t ion ,  4 1  

S ince  I2,(y) is t h e  covar iance  matrix of B 

t h a t  t h e  q u a d r a t i c  form 

CI 

i t  fo l lows  immediately 1' 

(3.90) 

fo l lows  the  chi-square d i s t r i b u t i o n  with (r-1) degrees  o f  freedom. 

S imi l a r ly ,  t h e  q u a d r a t i c  form 
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(3.91) 

fol lows the’chi -square  d i s t r i b u t i o n  w i t  (1s 

The q u a d r a t i c  forms q and q are independent s i n c e  Bl and B are 

independent. 

- r) degrees of freedom, i 
A A 

1 2 2 

Thus Z4(y1>y2) fo l lows  t h e  F d i s t r i b u t i o n  w i t h  (r - 1) 

and (Isi - r )  degrees o f  freedom. 

Thus e i t h e r  

o r  

(3.92) 

~ 5 ( ~ 1 > ~ 2 )  5 F (a; 1s.j. - r >  - 11, (3.93) 

def ines  a confidence reg ion  f o r  y and y2. 1 
We now t u r n  t o  Wald’s 1221 confidence region. We assume t h a t  

t h e  model (3 .21)  i s  a f i x e d  e f f e c t  model. To f i n d  simple least  

squares  estimate of b 

as fol lows:  

and b 1 2 w e  need t o  reparametar ize  t h e  model 

A I  

where 

up = 

L.  L 

m 

(3.94) 

(3.95) 

(3 e 96) 
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BT = 

- 
A (1) 

A(r-1) 

-1 -n 1 D r. -. 

(3.95) 

n xr-1 . *  - 

Us ,= Diag 'CB$ , ... , B*) , r 

BZ = 

D' r 

-I -n 1 Df 
I is  - i  

3 

n, xs -1 
1. i 

8 nis -1 I ,  D; = [ni , ... 
1 i 

(3.96) 

(3.97) 

(3.98) 

(3.99) 

and t h e  ma t r i ces  A(k) were def ined  previous ly .  
n A 

L e t  b and b2 b e  t h e  s imple least  squares  estimates of be and b$ . I  
r e spec t ive ly .  It can be  e a s i l y  v e r i f i e d  t h a t  t h e  normal equat ions  

which b and b are t h e i r  s o l u t i o n  are 
A n 

1 2 
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where 

n = 1 1 nij  
o e  i j  

1 - 
r. n 1% ./Ill yr.. /n 

-1 1 + nis DiDi m 
-1 Beq B; = Diag {nil . a nis 
. i  i 1 

(3.100) 

- .  

. .  

(3 e 101) 

(3,102) 

(3  103) 

(3 1 0 4 )  
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It may b e  v e r i f i e d  by d i r e c t  m u l t i p l i c a t i o n  t h a t  

where 

-1 -1 (UP' U;)-l = Diag {n, , ... , n-' 1 - n..  J, r-1. 

(3.105) 

( 3  -106) 

(u*' V?) -1 = Diag {(B;' Bf) -1 ... , (B$'B:) -1 (3  . lo71 2 

I - nT1 J. -1 -1 -1 
(B$' €5;) = Diag {nil, . . . , nis -1 1 1. i 

(3.108) 

Now i t  i s  t r i v i a l  t o  v e r i f y  t h a t  t h e  s o l u t i o n  of t h e  normal 

equat ions  is  

./ne. Y 

- Y  'l../nl - . . e In. e 

- Y  
P%* Inr1 r e  . In  Y 

r e  

( 3  109) 
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and 

(3.110) 

is t h e  covariance mat r ix  of (3.109). 

Following Wald [ Z Z ]  w e  can cons t ruc t  two confidence reg ions :  

(1) We can cons t ruc t  a confidence i n t e r v a l  f o r  y L e t  us n o t e  2' 

t h a t  t he  covariance matrix of b i s  2 

Wald's confidence i n t e x a l  f o r  y can be  based on 2 

(3.112) 

where EMS i s  t h e  E r r o r  Mean Squares of t he  a n a l y s i s  of  variance 

assuming f i x e d  e f f e c t  model. A f t e r  some a l g e b r a i c  manipulat ions w e  

can s impl i fy  (3.112) t o  1' W Y  [! i j  i j . / n  i j  c 3  l 2  - i 1 Wij  

i j  j . (3.113) 
C 1 3  ! "ij (Yi j . /n  

zl( 2)  = 
(Isi - r) EMS 

In ver i fy ing  that  (3.112) can b e  reduced t o  (3.113) i t  is h e l p f u l  t o  

no te  t h a t  
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and 

. 
n. -Y rs . /n  ) .  1 
rl, /nrl r rs r 

- Y  rs -1' ('rs r -l./nrs -1 rs r ./nrsl, n 
3: r 

U A p  HUZ = Diag {Bk' C1 BT , . . . , B g v  Cr B:} 2 1 

1 -1 w 2 -1 2 B+'  Cr B 4  = Diag Ini w , ... , n is  -1 is.-1 
1 il i 1 

1 

-1 
-I- D ~ D ;  

(3.115) 

(3.116) 

Furthermore, w e  n o t e  t h a t  (3.113) i s  i d e n t i c a l  t o  ( 3 . 8 6 ) .  

(2) We now cons t ruc t  a confidence r eg ion  f o r  y and y2"  It i s  1 
n 

r e a d i l y  v e r i f i e d  t h a t  t h e  covariance mat r ix  of b is  1 
o 2 *  T(bl) = cr 2 (U~fU~)-l(Up'H UT) (Up' Up) -1 . " (3  e 117) 

It i s  r e a d i l y  seen  t h a t  

(3.118) -1 1 i- n r. P,DD' , 
3 *r-lepr-1 UP'HUT = Diag' In  p 1. 1 * * *  

Wald's confidence i n t e r v a l  is based on t h e  func t ion  
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We can s impl i fy  (3 119)  t o  

-5 > 2  'i 2 - (1 9i i. e 

-1 

1 ,  i i. 'i.. 1 pz ln  
(r-1) EMS 

(3.119) 

'(3 e 120) 

It is  i n t e r e s t i n g  t o  n o t e  t h a t  (3.120) may be  der ived  i n  a d i f f e r e n t  

way. L e t  

a (3.121) 
i. . . /n = Yi f i  .. 

- *  

lib. , Y are m u l t i v a r i a t e  normal v a r i a b l e s  wi th  mean 1 p  1.. r.. then T 
and covariance 

(3.122) 

It i s  t r i v i a l  t o  v e r i f y  t h a t  t h e  l eas t  squares  estimate of l~ is  

We de f ine  t h e  Conventional E r r o r  Mean Square t o  be  

r 

i=l 
1 -1 

nip i 

2 

e 

(3  e1221 

(3.123) 

It i s  w e l l  known t h a t  6 i s  d i s t r i b u t e d  l i k e  chi-square var ia te  wi th  

r-1 degrees of freedom, We n o t e  a l s o  t h a t  E, i s  t h e  numerator of 

(3,120) Thus w e  may d e r i v e  (3.120) without  r e fe rence  t o  T(bl) a 

This  procedure fo l lows  ve ry  c l o s e l y  Wald's [20] approach f o r  

.. . .. . 

A 
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cons t rucr ing  confidence i n t e r v a l  f o r  y i n  one way c l a s s i f i c a t i o n .  1 
Another way of cons t ruc t ing  confidence reg ion  f o r  y1 and y2 i s  

- 17 by com3ining" t h e  confidence i n t e r v a l s  (3.113) and (3.120). That 

is, a confidence r eg ion  f o r  y and y2 may be  based on t h e  f u n c t i o n  1 h 

* A  

( 3 . 1 2 4 )  

This procedure r e q u i r e s  t h e  invers ion  of t h e  fo l lowing  mat r ix  

( 3 . 1 2 4 )  

It i s  d i f f i c u l t  t o  o b t a i n  such i n v e r s e  because IT*' H U* i s  d i f f e r e n t  

from zero.  

1 2 

3 . 3  Summary and Conclusions 

A method descr ibed by Har t l ey  and Rao [lo] is used t o  d e r i v e  

2 
i' confidence reg ion ,  R, f o r  t h e  r a t i o s  of va r i ance  components, cr 

f o r  va r ious  experimental  des igns .  F i r s t  w e  cons ider  balanced 

designs (Chapter 11). For a l l  the cases  t h e  least  squares  

estimates of t h e  f ixed  e f f e c t s  and of t h e  n u l l  v e c t o r  B were 

i d e n t i c a l  t o  t h e  s imple least squares estimates. However, t h e  

confidence reg ions  der ived  v i a  Har t ley  and Rao's [lo] method w a s  

d i f f e r e n t  from t h e  t r a d i t i o n a l  a n a l y s i s  of var i ance  method i n  t h e  

case of the Two-way C l a s s i f i c a t i o n  Model I1 without  I n t e r a c t i o n  
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and t h e  Baianced Incomplete Block Design. Such d i f f e r e n c e s  arise 

because t h e  q u a n t i t y  R e s  def ined  by equat ion  (1.11) was d i f f e r e n t  

f r o m  che t r a d i t i o n a l  E r r o r  Sum of Squares of t h e  a n a l y s i s  of 

va r i ance .  A necessary  and s u f f i c i e n t  condi t ion  f o r  t h e  e q u a l i t y  

of t h e  q u a n t i t y  R e s  and t h e  E r r o r  Sum of Squares of t h e  a n a l y s i s  

of v a r i a n c e  w a s  n o t  der ived .  

I n  Chapter I11 w e  considered two unbalanced designs.  For' t h e  

one-way unbalanced des ign  Har t l ey  and Rao's [lo] procedure w a s  

i d e n t i c a l  t o  Wald's E201 r e s u l t .  Our r e s u l t s  f o r  t h e  unbalanced 

nes t ed  c l a s s i f i c a t i o n  are t h e  f i r s t  confidence reg ions  f o r  t h e  

r a t i o s  of va r i ances  t o  b e  der ived  from unbalanced nes t ed  d a t a .  

It is  w e l l  known t h a t  every confidence reg ion  can b e  t rans-  

In t h e  terminology of t h e  test l a t e d  i n t o  a test  of hypothes is .  

of hypo thes i s ,  a l l  t h e  confidence reg ions  considered i n  t h i s  work 

are "similar region" confidence reg ions .  To s tudy  t h e  p r o p e r t i e s  

of t h e s e  confidence reg ions  i t  might b e  easier t o  s tudy  t h e  

p r o p e r t i e s  of t h e  a s soc ia t ed  tests f i r s t .  

F i n a l l y  w e  mention t h a t  given a confidence r eg ion  f o r  a set  

of parameters i t  is p o s s i b l e  t o  d e r i v e  a confidence r eg ion  f o r  

any func t ion  of t h e s e  parameters. This f a c t  can b e  used t o  con- 

s t r u c t  a confidence reg ion  f o r  va r ious  measures of h e r i t a b i l i t y ,  

h (vi). S t r i c t l y  speaking such a problem is  one i n  mathematical 
2 

programing. 

2 A conserva t ive  lower confidence p o i n t  f o r  h (y.) can b e  
1 

computed from t h e  problem 
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2 min h (y,) 

'i 

s u b j e c t  t o  y E: R and t h e  upper confidence p o i n t  from i 

2 
h (Y,) 

y i 

s u b j e c t  to y E Re 

3e e a s i l y  so lved  by accepted method of numerical  a n a l y s i s  based on 

scanning techniques.  

However, s i n c e  c is s m a l l  t h e  above problem can i 
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